4-blocked hadamard 3-designs  by Berardi, Luigia et al.
ELSEVIER Discrete Mathematics 174 (1997) 3546 
DISCRETE 
MATHEMATICS 
4-Blocked Hadamard 3-designs 
Luigia Berardi, Marco Buratti*, Stefano Innamorati 
Dipartimento di Inoeoneria Elettrica, Universita' deÜli Studi de L'Aquila, 
1-67040 Monteluco di Roio L'Aquila, Italy 
Received 30 September 1994; revised 31 July 1995 
Abstract 
The important role of Hadamard esigns for applications in several fields has been long 
established. A considerable problem of finite geometry is to determine the configurations of 
the minimum number of points that block a design, i.e. the shape of a minimum set of points 
which have at least one point in common with any block. In this paper we deal with Hadamard 
3-designs blocked by only four points. 
1. Introduction 
A t -  (v,k, 2) desion ~ is a pair (~ ,~) ,  where ~ is a v-set of points and ~ is 
a family of k-subsets of ~ ,  called blocks, such that any t points are contained in exactly 
2 blocks. An isomorphism between two designs ~ and ~ '  is a bijection q~ : ~ --* ~ '  
such that ~b(~) = ~ ' .  Obviously, a design is considered up to isomorphism. A design 
with equally many points and blocks is called square. A square 2-design is also called 
symmetric. I f ~ = (~,~)  is a t - (v,k,2) design, the pair (~x,~x), where ~x := 
v--I k-1 - {x} and ~x = {B-  {x}: xEBEC}, is a ( t -  1 ) -  (v -  1,k- 1,2(t_l)/(t_l)) 
design ~x called the contraction of ~ at a point x; moreover, ~ is said to be the 
extension of ~x- So a t-design ~ is a s-design, 1 <<.s<<.t, and the number 2s of blocks 
of ~ through s points, s = 0, 1, 2 . . . . .  t, is given by 
2(v -  s'~ k -  s 
2s= \ t - s J / ( t - s ) "  (l.l) 
A t-design is said to be resolvable if the family ~ of all blocks, which contains 
20 = 21v/k elements, can be partitioned into 21 families each of them containing v/k 
disjoint blocks. An incidence matrix of ~ is a (0, 1 )-matrix A of type (20, v) such that 
aij = 1 iff PjEBi, see [1,3,7,10,11]. 
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Let c~ denote a c-set in ~.  The numbers zi of  blocks that intersect (g in exactly 
i points are called the characters of cg. By easy counting arguments we have 
min{c,k} (;) (c) 
z i= As, s=0,1  . . . . .  t. (1.2) 
s 
i=0 
Let P denote a point on cal. The numbers ~oi = q)i(P) of blocks through P that intersect 
cd in precisely i points are called the characters of the inner point P. We have 
min{c,k} 
(: +=1  13> 
i=1 
Let Q denote a point off ~. The numbers vi = o i (Q)  of blocks through Q that inter- 
sect cd in exactly i points are called the characters of the outer point Q. We have 
min{c,k-l} (')s l oi ( c )  Z = 2s, s = 1 .. . .  t. (1.4) 
s - - I  
i=0 
A blocking c-set in ~ is a c-set C of  points such that any block contains a point 
of  C and a point off C. Blocking sets in designs have been introduced in Hoffman 
and Richardson [15]. Since then several authors have studied structural properties of  
blocking sets in designs. The interested reader is referred to the bibliography at the 
end of the paper. 
In [12], Drake proved that if a 2 - (v,k,2) design contains a blocking c-set, then 
k ¢ 3 and 
vk - v/v2k 2 - 4v2k + 4vk 
c>~ 
2k 
A Hadamard 3-design ~3 of order n is a 3 - (4n, 2n, n - 1 ) design; such a design 
exists if and only if there exists a Hadamard matrix of  size 4n, see [7]. A Hadamard 
matrix of size m is an m by m (:t: 1)-matrix H whose rows (columns) are orthogonal, 
i.e. HtH  = HH t = mI, see [14]. A necessary condition for the existence of H is that 
m is 1,2 or a multiple of  4. A famous conjecture asserts that there is a Hadamard 
matrix H of size 4n for every positive integer n, called order of H. A large num- 
ber of  constructions are known and the smallest order for which a Hadamard matrix 
has not been constructed is 428. An automorphism of H is a permutation cr of  the 
set of  rows and columns such that H ~ -- H. The set of  all automorphism of H is 
a group called the automorphism group of H. Two Hadamard matrices H and H ~ 
are equivalent if there exists a permutation ~r of  rows and columns with H ~ =- H'. 
A Hadamard matrix is called normalized if its first row and column consist entirely 
of  l's. The Kronecker product of  two Hadamard matrices H=(hij) and H~=(h~k) of  
sizes m and m', respectively, is the following Hadamard matrix of  size mmt: 
H ® H' = ( h,lH'. ... h,mH' ) 
\hmlH I ... hmrnHt / 
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Starting from a Hadamard matrix M of size m, it is possible to construct a Hadamard 
3-design of order n -- m/4 which is defined by its incidence matrix I .  Fix a row r of M; 
each of the other m - 1 rows s (5  r)  defines two rows of matrix I as follows: the first 
one is obtained by putting '1'  in any position in which the row s agree with r and '0'  
otherwise; the second one is the complement of the first. Conversely, any Hadamard 
3-design of order n yields a Hadamard matrix of size m = 4n as follows: the first row 
has all entries equal to ' 1 ', the others 4n-  1 rows are defined by all 4n -  1 pairs {B, B c } 
of  disjoint blocks putting '1'  in the position in which the corresponding point belongs 
to the block B and - 1 in the position of points belonging to block B e. It is known that 
two Hadamard 3-designs constructed by the same Hadamard matrix choosing different 
fixed row can be nonisomorphic [1]. Two Hadamard 3-designs are equivalent i f  they 
lead to equivalent Hadamard matrices. Up to equivalence, a Hadamard matrix of  order 
n = l, 2, 3 is unique. There are exactly five Hadamard matrices of order n = 4, three of 
order n = 5, 60 of order n = 6 and 487 of order n = 7. Moreover, up to isomorphism, 
a Hadamard 3-design of order n = l, 2, 3 is unique. There are exactly five Hadamard 
3-designs of order n -- 4, three of order n = 5. But 130 is the number of  nonisomorphic 
Hadamard 3-designs of  order n = 6, see [20]. 
The contraction of  a Hadamard 3-design of size n is a 2 - (4n - l, 2n - l, n - l ) 
symmetric design 92. 
In [8], the concept of special n-tuple is introduced as a n-set occurring in three blocks 
of ~ .  Moreover, the authors defined the characteristic number ct of ~3 as the number 
of  such special n-tuples in 9 3 and used this concept to distinguish nonisomorphic 
designs. It is easy to see that if n is an odd integer, then ct is always zero; in this case 
we define a special (n - 1 )-tuple to be a set of  n - 1 points occurring in three blocks 
of  ~3, 
In view of Drake's lower bound, it is easy to see that in a Hadamard 3-design 
a blocking set cg has at least three points. If  c = 3, (1.2) implies that z0 = z3 = n - 1 
and zl = z2 = 3n; so @3 contains no blocking 3-set. 
In this paper we investigate Hadamard 3-designs that contain blocking 4-sets. We 
call such designs 4-blocked Hadamard 3-designs. We shall see that the existence of 
blocking 4-sets is strongly related to the existence of special n-tuples or (n - 1)-tuples. 
Theorem. A Hadamard 3-design of odd order n is 4-blocked if and only if it conta&s 
a special (n -  1 )-tuple. Moreover, ifa Hadamard 3-design of even order n is 4-blocked, 
then it contains a special n-tuple. 
2. 4-blocked Hadamard 3-designs 
In the sequel we shall use the notation introduced in Section 1. Let ~3 denote 
a Hadamard 3-design. In view of (1.1) we have 
2o = 2(4n - 1); 21 = 4n - 1; ~'2 = 2n - 1; 23 = 2 = n - 1. 
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A Hadamard 3-design 93 is resolvable, see [1]. Moreover, each block B E ~ has exactly 
one external block B e which is the complement of B in ~'. Two blocks intersect in 
zero or n points. 
The characters of a 4-set cg of ~3 are 
z0=z4;  z l=z3=4(n- l - z4 ) ;  z2=6(1+z4) .  
I f  we assume that ~3 contains a blocking 4-set o~-, it follows that o~- has ~4 = 0, 
and so zl =z3 =4(n-  1) and z2 = 6. Moreover, i fP  is a point of ~-, (1.3) implies 
q~l(P) = n - 1, q~2(P) = 3, q~3(P) = 3(n - 1); if Q is a point off ~ ,  from (1.4) we 
have Vl(Q) = 2n - 1, o2(Q) = 3, v3(Q) = 2n - 3. 
We shall prove the following: 
Theorem 2.1. A 4-blocked Hadamard 3-desion o f  order n contains a special n-tuple 
or (n - 1)-tuple accordin9 to n is an even or odd inte#er, respectively. 
Proof. We will prove that three of the six 2-secant blocks intersect in n points if n is 
even and in n - 1 points if n is odd. We consider the contraction ~2 at a point E ~ ~- 
to obtain information about the configuration of the six 2-secant blocks. It follows that 
~- is a blocking 4-set of ~2 having z~ = 2n - 1, z~ = 3 and z~ = 2n-  3. I f  P is 
a point of 92 on ~-, then 2q~(P) = 3(n -  1 ) -  q~(P). Hence, n ~ q~(P)mod2.  Since 
• ~ = 3 then q~ (P) E { 0, 1,2, 3 }. 
I f  n is an even integer, then tp~(P)E{1,3}. It is easy to see that the three 2-secant 
blocks intersect in exactly one point of ~ .  We have that 
n even ¢¢, 3 !PE~- :  tp~(P)= 3. 
I f  n is an odd integer, then q~(P) E {0,2}. It is easy to see that the three 2-secant 
blocks mutually intersect in different points of ,~-. So there is exactly one point Q 
of ~- outside the union of the three 2-secant blocks. We have 
n odd ¢~ 3!QE~- :  go~(Q)=0. 
Now we consider the contraction ~2 of ~3 at a point F E ~-. Set oq- = ~ - {F} is a 
3-set o f~2 having z~ = n -  1, z~ = 3 and z~ = 3(n -  1). A point Q ~ oj- has ZoO(Q) = 
3(n - 1) - v~(Q). Hence, n ~ v~(Q)mod2. Since ~ = 3 then v~(Q) E {0,1,2,3}. I f  
n is an even integer o] (Q)E {1,3}. So the union of the three tangent blocks covers 
design ~2. We have that 
n even ¢:> VP~J -=~o~(P)¢O.  
I f  n is an odd integer, then v~(Q)E {0, 2}. In ~2 tWO blocks intersect in exactly n -  1 
points. The three tangent blocks B~, B~, B~ intersect outside ~.  Since v~(Q)~<2 then 
B~ fq B~ f) B~ = 0. So 3(n - 1) of the 4(n - 1) points outside °d- are in precisely tWo 
tangent blocks. We have 
nodd ¢:~ 3Qq~q-:o l l (Q)=O. 
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Now we consider design 93. It follows that if n is even, there are three 2- 
secant blocks which intersect in exactly one point of ~ and cover the design 93. 
This implies that these three 2-secant blocks of ~- intersect in a special n-tuple. More- 
over, if n is odd, there are three 2-secant blocks Bi = B~ tO {F}, i = 1, 2, 3 such that 
Bl f) B2 f) B3 = {F}. This implies that the three 2-secant blocks B~, B~, B~ intersect in 
a special (n - 1)-tuple. [] 
Now we prove: 
Theorem 2.2. A Hadamard 3-design of odd order n containing a special (n -  1 )-tuple 
is 4-blocked. 
Proof. Let 93 be a Hadamard 3-design of odd order n. Let Bi, i = 1,2,3, denote three 
blocks of 93 which contain a special (n - 1)-tuple 5C There are other three points in 
the union of the blocks Bi. We denote these points by Pij := Bi NB j -  re, i,j E { 1,2, 3} 
and i < j. Moreover, there is exactly one point P outside union of the blocks Bi. A 
block B containing no point P/j intersects 5g in x points and each block Bi in other 
n - x points. So B has x + 3(n - x) = 3n - 2x points in B1 t3 B2 tO B3. Since n is odd, 
it follows that x + 3(n -x )  ~ 2n and so B necessarily contains the point P. Thus, 
{P12,P13,P23,P} is a blocking 4-set. [] 
Now we deal with 4-blocked Hadamard 3-designs. The following example shows 
that there are Hadamard 3-designs of even order n that contain a special n-tuple but 
are not 4-blocked. 
Example 2.3. An affine space AG(r, 2) of dimension r ~> 3 and order 2 is a Hadamard 
3-design of order 2 r-2 with respect to points and hyperplanes, it is denoted by 
AGr_l(r,2). A subspace of dimension r - 2 is a special (2r-2)-tuple. In the three- 
dimensional affine space of order two any set of four noncoplanar points intersect 
each plane. This implies that the Hadamard esign of order 2, AG2(3,2), is 4-blocked. 
For r ~> 4, four independent points are contained in a hyperplane, which has a parallel 
hyperplane. So no 4-set blocks the design. 
Example 2.4. The unique Hadamard 3-design of order 3 is 4-blocked. Table 1 shows 
the incidence matrix of the design and a blocking 4-set. 
Isomorphic Hadamard 3-designs clearly contain the same number of blocking sets of 
smallest cardinality. The following example shows that the converse is not true, there 
are nonisomorphic designs with the same number of blocking 4-sets. 
Example 2.5. Let (i, i = 1 . . . . .  5 denote the five Hadamard 3-designs of order 4. 
The designs ~1 ....  ,(4 are 4-blocked, while (5, which is AG3(4,2), has no blocking 
4-set. Table 2 shows the list of blocks and the number fli of blocking 4-sets for each 
4-blocked Hadamard 3-design. 
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Table 1 
The 4-blocked Hadamard 3-design of order 3 
ABCD g ~  
l 0 1 0 1 l l  
0 1 0 1 
1 0 0 1 
0 1 1 0 
1 1 0 0 
0 0 1 1 
1 0 1 0 
0 1 0 1 
1 0 0 1 
0 l 1 0 
1 0 0 0 
0 1 1 1 
1 1 0 0 
0 0 1 1 
! 1 1 0 
0 0 0 1 
1 1 1 1 
0 0 0 0 
1 0 1 1 
0 1 0 0 
1 1 0 1 




0 0 0 1 
0 i i 1 1 
1 I0  0 0 
1 !0  1 1 
0 1 0 0 
0 1 0 1 
1 0 1 0 
0 '0  1 0 
1 1 0 1 
1 0 0 1 
0 1 1 0 
0 1 0 0 
1 0 1 1 
0 0 1 0 
1 1 0 1 
0 0 0 1 
1 1 1 0 
1 0 0 0 
0 1 1 1 
1 1 0 0 
0 0 1 1 
I IT  M N 
0 I0 1 0 
1 1 0 1 
0 IO 0 ! 
1 I J 1 0 
1 0 0 0 
0 1 1 1 
1 1 0 0 
0 0 1 1 
1 '1  1 0 
0 0 0 1 
0 '1 1 1 
1 0 0 0 
1 0 1 1 
0 1 0 0 
0 ;1 0 1 
1 0 1 0 
0 0 1 0 
1 1 0 1 
1 0 0 1 
0 1 I 0 
0 1 0 0 
1 0 1 1 
Designs (1 and ~3 are nonisomorphic Hadamard 3-designs with fll = f13. 
A Hadamard 3-design of  odd order n contains a special (n - 1)-tuple i f  and only 
i f  its Hadamard matrix has three rows with equal entries in n - 1 equal positions. I f  
we consider the corresponding normalized Hadamard matrices, then the condit ion is 
equivalent to have three rows, different from the first one, having same entries in n -  2 
equal positions different from the first one. 
We want to see whether a Hadamard 3-design is 4-blocked by looking at its 
Hadamard matrix. The fol lowing section is devoted to the Hadamard 3-designs ob- 
tained by Paley construction, called Hadamard 3-designs o f  Paley type. 
3.  Hadamard  3 -des igns  o f  Pa ley  type  
We briefly recall Paley's  construction o f  Hadamard matrices o f  size m = 
2e(q + 1 ), where e is any posit ive integer, m - 0 rood 4, and q is an odd prime power. 
Let us consider a (+ l ) -mat r ix  M = (mij), whose rows and columns are indexed by 
the elements o f  GF(q)  such that mij = 1 i f  and only i f  j - i is a nonzero square. 
A matrix H o f  size q + 1 is constructed by adjoining one row and one column with all 
entries 1. It is well  known that i f  q - 3 mod 4, the matrix H is a Hadamard matrix o f  
order n = (q +1) /4 .  Moreover,  i f  q = l mod 4, the Kronecker product K = H ® (11 _]]) 
gives a Hadamard matrix o f  order n = (q + 1 )/2, see [7]. We call matrices H and K o f  
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Table 2 
The five Hadamard 3-designs of order 4 
41 
~1 fll = 112 ~2 ~2 = 96 ~3 r3 = 112 
0 1 2 3 4 9 10 11 0 1 2 3 4 91011 0 1 2 3 4 9 10 11 
5 6 7 8 12 13 14 15 5 6 7 8 12 13 14 15 5 6 7 8 12 13 14 15 
0 1 2 3 5 12 13 14 0 1 2 3 5 12 13 14 0 1 2 3 5 12 13 14 
4 6 7 8 9 10 11 15 4 6 7 8 9 10 11 15 4 6 7 8 9 10 11 15 
0 1 2 6 7 10 13 15 0 1 2 6 7 10 13 15 0 1 2 6 7 9 13 15 
3 4 5 8 9 11 12 14 3 4 5 8 9 11 12 14 3 4 5 8 10 11 12 14 
0 1 3 7 8 9 12 15 0 1 3 7 8 11 14 15 0 1 3 7 8 11 14 15 
2 4 5 6 10 11 13 14 2 4 5 6 9 10 12 13 2 4 5 6 9 10 12 13 
0 1 4 5 6 11 12 15 0 1 4 5 6 11 12 15 0 1 4 5 6 11 12 15 
2 3 7 8 9 10 13 14 2 3 7 8 9 10 13 14 2 3 7 8 9 10 13 14 
0 1 4 6 8 9 13 14 0 l 4 6 8 9 13 14 0 1 4 6 8 10 13 14 
2 3 5 7 10 11 12 15 2 3 5 7 10 11 12 15 2 3 5 7 9 11 12 15 
0 1 5 7 8 10 11 14 0 1 5 7 8 9 10 12 0 1 5 7 8 9 10 12 
2 3 4 6 9 12 13 15 2 3 4 6 11 13 14 15 2 3 4 6 11 13 14 15 
0 2 3 6 8 11 14 15 0 2 3 6 8 9 12 15 0 2 3 6 8 10 12 15 
I 4 5 7 9 10 12 13 1 4 5 7 10 11 13 14 1 4 5 7 9 11 13 14 
0 2 4 5 7 9 14 15 0 2 4 5 7 9 14 15 0 2 4 5 8 9 14 15 
1 3 6 8 10 11 12 13 1 3 6 8 10 11 12 13 1 3 6 7 10 11 12 13 
0 2 4 7 8 11 12 13 0 2 4 7 8 1l 12 13 0 2 4 7 8 11 12 13 
1 3 5 6 9 10 14 15 1 3 5 6 9 10 14 15 1 3 5 6 9 10 14 15 
0 2 5 6 8 9 10 12 0 2 5 6 8 10 11 14 0 2 5 6 7 10 11 14 
1 3 4 7 11 13 14 15 1 3 4 7 9 12 13 15 1 3 4 8 9 12 13 15 
0 3 4 5 8 10 13 15 0 3 4 5 8 10 13 15 0 3 4 5 7 10 13 15 
1 2 6 7 9 11 12 14 1 2 6 7 9 11 12 14 1 2 6 8 9 11 12 14 
0 3 4 6 7 10 12 14 0 3 4 6 7 10 12 14 0 3 4 6 7 9 12 14 
1 2 5 8 9 11 13 15 1 2 5 8 9 11 13 15 1 2 5 8 10 11 13 15 
0 3 5 6 7 9 11 13 0 3 5 6 7 9 11 13 0 3 5 6 8 9 11 13 
1 2 4 8 10 12 14 15 1 2 4 8 10 12 14 15 1 2 4 7 10 12 14 15 
0 9 10 11 12 13 14 15 0 9 10 11 12 13 14 15 0 9 10 11 12 13 14 15 
12  3 4 5 6 7 8 12  3 4 5 6 7 8 12  3 4 5 6 7 8 
Paley type. The  Kronecker  p roducts  o f  mat r i ces  H or K w i th  (11 _11) y ie ld  Hadamard  
matr i ces  o f  s ize m = 2e(q+ 1), see [7,18] .  
We prove  that  i f  n ~ 2, 3, 5, then  the Hadamard  des igns  o f  Pa ley  type,  i.e. mat r i ces  
const ruc ted  by  H or  K ,  are not  4 -b locked .  In  o rder  to do th is ,  the  fo l low ing  two  
lemmas wi l l  be  he lp fu l .  
We denote  by  Sq the  set o f  non-zero  squares  in the  Ga lo i s  f ield GF(q)  and  by  ~(q)  
the  inc idence  s t ructure  (GF(q) ,  {Sq ÷ a : a c GF(q)}) .  Reca l l  that  for  q = 3 (mod4) ,  
~(q)  is a 2 - (q ,  (q -1  ) /2,  (q -3 ) /4 )  symmetr i c  des ign  wh ich  admi ts  as an  automorph ism 
group  the set Fq o f  al l  the  aff init ies n~,b: x H ax + b, where  aESq and bCGF(q) .  
Lemma 3.1.  Let  q = 4t + 1 be a pr ime power  such that there exist two blocks oj  
~(q)  intersecting each other in 2t - 1 points. Then q = 5. 
Proof .  Le t  Sq + a and Sq + b be two  d is t inct  b locks  o f  ~(q) ,  and  let f be  the  af f in i ty 
o f  GF(q)  de f ined  by  f (x )  = x(b - a) -1 - a for  any  x in GF(q) .  It is easy  to ver i fy  
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Table 2 Continued. 
¢4 /~4 = 64 ¢5 /~5 = 0 
0 1 2 3 4 91011 0 1 2 4 5 81015 
5 6 7 812131415 3 6 7 911121314 
0 1 2 3 5121314 0 1 2 3 5 6 911 
4 6 7 8 9101115 4 7 81012131415 
0 1 2 6 7101315 02  3 4 6 71012 
3 4 5 8 9111214 1 5 8 911131415 
0 1 3 6 8111215 0 3 4 5 7 81113 
2 4 5 7 9 10 13 14 1 2 6 9 10 12 14 15 
0 1 4 5 6 91415 0 4 5 6 8 91214 
2 3 7 810111213 1 2 3 710111315 
0 1 4 7 8 91213 0 5 6 7 9101315 
2 3 5 610111415 1 2 3 4 8111214 
0 1 5 7 8101114 0 1 6 7 8101114 
2 3 4 6 9121315 2 3 4 5 9121315 
0 2 3 7 8 91415 02  7 8 9111215 
1 4 5 610111213 1 3 4 5 6101314 
0 2 4 5 7111215 0 1 3 8 9101213 
1 3 6 8 9101314 2 4 5 6 7111415 
0 2 4 6 8 11 13 14 0 2 4 9 10 11 13 14 
1 3 5 7 9 10 12 15 1 3 5 6 7 8 12 15 
0 2 5 6 8 91012 0 3 51011121415 
1 3 4 711131415 1 2 4 6 7 8 913 
0 3 4 5 8101315 0 1 4 611121315 
1 2 6 7 9111214 2 3 5 7 8 91014 
0 3 4 6 7101214 0 1 2 5 7121314 
1 2 5 8 9111315 3 4 6 8 9101115 
0 3 5 6 7 91113 02  3 6 8131415 
1 2 4 810121415 1 4 5 7 9101112 
0 9 101112131415 0 1 3 4 7 9 1415 
1 2 3 4 5 6 7 8 2 5 6 810111213 
that 
and 
f (Sq+a)N f (Sq+b)= {xCSq:x+ lESq} :=A i f  b-aESq;  
f(Sq + a) f3 f(Sq + b) 
= {xEGF(q)  - (Sq U {0}) :x  + 1E GF(q)  - (Sq U {0})}  :=  B 
i f  b-a  ~_Sq. 
Since the cardinal i t ies  o f  A and B are t -  1 and t, respect ive ly ,  cf. e.g. [17], two  d ist inct  
b locks  o f  ~(q)  intersect  each other  in t -  1 or  t points .  So, t -  I = 2 t -  1 or  t = 2t -  I; 
the first equal i ty  is not  poss ib le ,  the second g ives  t = 1, i.e. q = 5. []  
Lemma 3.2. Let q = 4t + 3 be a prime power such that there exist three distinct 
blocks of ~(q) intersecting each other in t -  1 points. Then q E {7, 11, 19}. 
P roo f .  It is easy  to f ind an aff inity f o f  Fq mapp ing  the tr iple o f  b locks  ment ioned  
in the assumpt ion  into a tr iple o f  type {Sq, Sq + 1, Sq + e} w i th  e in GF(q)  - {0, 1 }. 
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So we have ISq fq (Sq + 1) n (Sq + ~)l = t - 1. As ~(q)  is a 2 - (4t + 3,2t + 1,t) 
symmetric design, a trivial computation yields that each of the following sets contains 
exactly one element; we put 
GF(q)  - (Sq U (Sq + 1 ) U (Sq + ~)) = {a},  
(s .  n (so + 1)) - + = {b},  
(Sq N (Sq + ~)) - (Sq + 1 ) = {c},  
((Sq + 1) n (sq + 5)) - sq = {d}.  
We distinguish two cases: e 2 - e + 1 = 
In the first case we have e 3 = -1 ,  so 
f := r~_~,~ is in Fq. One verifies that f 
0ande  2 -5+1#0.  
that e is a nonsquare in GF(q) and the affinity 
maps the triple {Sq, Sq + 1, Sq + e} onto itself: 
f (Sq)=Sq+5,  f (Sq+l )=Sq,  f (Sq+O=Sq+l .  (3.1) 
Thus, the only element a which is outside Sq U (Sq + 1) U (Sq + e) is fixed by f ,  i.e. 
- ca  + e = a and hence a = e(e + 1) -1 . Since neither a nor 5 are in Sq we have that 
e+l  is the only element e in (SqN(Sq+5)) - (Sq+ 1). Then, in view of (3.1) we have 
that the only element d in ((Sq + 1 ) A (Sq + e)) - Sq is f (e  + 1 ) = -e  2 = 1 - e, and 
the only element b in (Sq N (Sq + 1)) - (Sq + e) is f ( _e2)  = e - 1. In the following, 
we suppose that the element a = e(5 + 1 ) - l  fixed by f is distinct from -1  and 3. We 
shall see that this assumption leads to a contradiction. 
We have already seen that e + 1 is in Sq. This implies that - (e  + 1 ) ~ Sq and hence 
-1  is not inSq+5.  
On the other hand, as q --- 3(mod4),  -1  is neither in Sq. It follows that -1  is in 
Sq + 1, i.e. that -2  is a square in GF(q), or equivalently 2 ~ Sq. Since -e  has order 3 
in GF(q)*, we deduce that q = 1 (mod3). This and the hypothesis q = 3 (mod4) give 
q _= 7 (mod 12) so that, by the quadratic reciprocity law, 3 is not a square in GF(q). 
Consequently, since 2 ~ Sq, then 3 ~ Sq + 1 and so 3 E Sq + e. From 3 E Sq + e, i.e. 
3 - e E Sq, and e f~ Sq we deduce that the product 5(3 - e) = 3e - 52 is not in Sq. On 
the other hand, using the identity e 2 - e + 1 = 0, we have that 3e - e 2 = 1 + 25. Thus, 
1 +2e is not in Sq; but it is in Sq +e because 5+ 1ESq and it is also in Sq + 1 because 
2e is in Sq, since it is the product of the nonsquares 2 and e. We conclude that 1 + 2e 
is the only element d in ((Sq + 1) A (Sq + e)) - Sq, so that 1 + 25 = 1 - e; but this 
identity implies that 3e = 0, i.e. that q is a power of  3 contradicting q = 1 (mod3). 
This contradiction forces e(e+ 1) - l  to be -1  or 3; but e(e+ 1) -1 = -1  or 3, together 
with the identity e 3 = -1 ,  respectively implies 7 = 0 or 19 = 0, in GF(q), so that 
q is a power of  7 or a power of  19. 
It is now a rather tedious exercise to show that it is not possible to have q = 7 h or 
q= 19 h with h > 1. Suppose that q=7 h. It is easy to verify that q - 3 (mod4) implies 
that h is odd and, consequently, that SqMGF(7) = $7. Moreover, from e(e+ 1) - I  = -1  
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it follows that e = 3. Thus, we have 
GF(q) - (Sq U (Sq + 1) U (Sq + 3)) -- {6},  
Sq - ((Sq + l )  u (sq + 3)) = {1},  
Sq n (Sq + l )  = {2},  
Sq n (Sq + 3) = {4},  
(Sq + 1) - (Sq U (Sq + 3)) = {3},  
(Sq + 1) n (Sq +3)  = {5},  
(Sq + 3)  - (Sq u (Sq + 1)) = {o). 
Recall that in each of the previous set there is only one element of  GF(q) and precisely 
the element of  GF(7) over indicated. Now suppose that h > 1. In this case the set 
Sq (~ (Sq ÷ 1 ) (1 (Sq + 3) contains some element x. We see that the set f2 -- {x + i [ i E 
GF(7)} is disjoint from GF(7). Moreover, we have [I2 f3 (Sq + 1) I = [g2 N (Sq + 3) I 
because the map l:  y E O fq (Sq + 1) ~ y + 2 E f2 N (Sq + 3) is a bijection. From 
this we easily get that the number of  nonsquares in £2 is even. On the other hand we 
have: x E Sq by assumption, x + 6 E Sq because x E Sq + 1, x + 4 E Sq because x E Sq + 3. 
x+2 ~ Sq'~ in fact, xE  Sq + 1 =~ x -  1ESq =¢, 3x-3  ¢ Sq =~ 3x q~ Sq + 3 ~ 3xE 
Sq + 1 =~ 3x-  1ESq =~ 5(3x-  1) ~ Sq ~ x f~ Sq+5 ~ x+2 ~ Sq. x+5 ~ Sq; in fact, 
xE Sq + 3 ~ x - -  3 E Sq ~ 5X-1  ~ Sq ~ 5x f~ Sq + l ~ 5xE Sq + 3 ~ x q~ Sq + 2 ~ 
x+5¢Sq.  
Now observing that 6x is not a square, we have 6x E (Sq + 3) - (Sq + 1) or 6x E 
(Sq÷ 1)-- (Sq + 3). 
In the first case it is easy to see that x + 3 ~ Sq and x + 1 E Sq, while in the second 
case x + 3 E Sq and x + 1 ~ Sq. We conclude that, in each case, there are exactly three 
nonsquares in f2 contradicting what we have seen above. As the contradiction arise 
from the hypotesys h > 1, we have q = 7. 
A similar argumentation show that the case q = 19 h with h > 1 also occur. 
Now suppose that e 2 - e + 1 ~ 0. In this case consider the affinity f of Fq defined 
by f := zr~_l,1 or by f :-- rCl_~,~ if e - 1 is a square or a nonsquare, respectively. It
is easy to verify that in each case the unordered triples of  blocks {Sq,Sq + 1,Sq + e} 
and {f(Sq),  f (Sq + 1 ), f (Sq + e)} differ in exactly one element. Denote by 0~ and fl the 
blocks which are common to both these triples, by 7 the block of  the first triple which 
is not in the second, and by 6 the block of  the second triple which is not in the first. 
As [~Nf lN7 l=t -1 ,  we have also that [~fq f lN3[=t -  1, i.e. 6has  exactly t -  1 
points in common with 0~ fq ft. Considering that the intersection of  two distinct blocks 
of  ~(q)  has cardinality t, the block 6 has exactly one point in ~-  fl, exactly one point 
in fl - 0t and at most two points in 7 - (~ U fl). In fact, 6 has t - 2 or t - 1 points in 
N fl ~ T according to whether b is in 6 or not. Finally, 6 may possibly contain the 
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Table 3 
The 4-blocked Hadamard 3-design of Paley type of order 5 
1 4 5 6 7 9 11 16 17 19 
0 2 3 8 10 12 13 14 15 18 
2 5 6 7 8 10 12 17 18 19 
0 1 3 4 9 11 13 14 15 16 
0 3 6 7 8 9 11 13 18 19 
1 2 4 5 10 12 14 15 16 17 
0 1 4 7 8 9 10 12 14 19 
2 3 5 6 11 13 15 16 17 18 
1 2 5 8 9 10 11 13 15 19 
0 3 4 6 7 12 14 16 17 18 
2 3 6 9 10 11 12 14 16 19 
0 1 4 5 7 8 13 15 17 18 
3 4 7 10 11 12 13 15 17 19 
0 1 2 5 6 8 9 14 16 18 
4 5 8 11 12 13 14 16 18 19 
0 1 2 3 6 7 9 10 15 17 
0 5 6 9 12 13 14 15 17 19 
1 2 3 4 7 8 10 11 16 18 
1 6 7 10 13 14 15 16 18 19 
0 2 3 4 5 8 9 11 12 17 
0 2 7 8 11 14 15 16 17 19 
1 3 4 5 6 9 10 12 13 18 
1 3 8 9 12 15 16 17 18 19 
0 2 4 5 6 7 10 11 13 14 
0 2 4 9 10 13 16 17 18 19 
1 3 5 6 7 8 11 12 14 15 
0 1 3 5 10 11 14 17 18 19 
2 4 6 7 8 9 12 13 15 16 
0 1 2 4 6 11 12 15 18 19 
3 5 7 8 9 10 13 14 16 17 
0 1 2 3 5 7 12 13 16 19 
4 6 8 9 10 11 14 15 17 18 
1 2 3 4 6 8 13 14 17 19 
0 5 7 9 10 11 12 15 16 18 
2 3 4 5 7 9 14 15 18 19 
0 1 6 8 10 II 12 13 16 17 
0 3 4 5 6 8 10 15 16 19 
1 2 7 9 l l  12 13 14 17 18 
45 
on ly  po in t  a outs ide  Sq U (Sq + 1 ) U (Sq + ~). We conc lude  that  6 has  at most  t + 4 
po in ts  and  hence  2t  + 1 ~<t + 4, s ince  the b locks  o f  ~(q)  have  card ina l i ty  2t + 1. It 
fo l lows  that  t ~< 3, i.e. that  q is 7 or  11. [] 
Theorem 3.3.  4-blocked Hadamard 3-designs of  Paley type have order n = 2, 3, 5. 
P roo f .  F i rs t ly ,  let us  suppose  that  q is an  odd  pr ime power  and  q - 3 rood4 .  A 
Hadamard  3 -des ign  o f  Pa ley  type  o f  odd  order  n = (q + 1 ) /4  conta ins  a spec ia l  (n  - 1 )- 
tup le  i f  and  on ly  i f  its normal i zed  Hadamard  matr ix  H conta ins  three  rows  d i f ferent  
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from the first row having the same entries 1 in n - 2 = (q - 7)/4 common columns 
different from the first column. By construction, this condition is equivalent o have 
(q -  7)/4 columns of the additive table of GF(q) in which three rows contain nonzero 
squares. In view of Lemma 3.2 the assertion follows. 
Now let us suppose that q is an odd prime power and q _= 1 mod 4. A Hadamard 
3-design of Paley type with odd order n = (q + 1 )/2, contains a special (n - 1 )-tuple if 
and only if its normalized Hadamard matrix K contains three rows different from the 
first row having the same entries 1 in n -2  = (q -3 ) /2  common columns different from 
the first column. By construction this conditions is equivalent to have in the additive 
table of GF(q) (q-  3)/2 columns in which three rows contain nonzero squares. In view 
of Lemma 3.1 the assertion follows. [] 
We conclude with the following: 
Example 3.4. The Table 3 shows the Hadamard 3-design of Paley type of order 5 
which contains a blocking 4-set C = {3,7,9, 12}. 
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